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The problem of the natural spectral line width Aco oi individual waves of a coupled many wave 
system in non-thermal equilibrium is discussed within the Fokker Planck approach to fluctuation 
phenomena. Edwards' method in turbulence theory is reinterpreted to relate AOJ via a modified 
energy balance equation to the spectrum of the mean wave intensities. This equation is solved for 
a model of the non-resonant feedback laser. AOJ is found to consist of two contributions: The first 
one is associated with the usual internal noise of a "free" Gaussian wave due to spontaneous emis-
sions. Its contribution to the line width is twice that of a single mode laser far above threshold as 
found earlier by Brunner and Paul. The second and new contribution stems from the wave-wave 
coupling. It is similar to half the effective intensity fluctuation line width of the single mode laser 
and thus dominates above threshold. 

1. Introduction 

From the theory of the single mode laser it is 
known that the natural spectral line width of the 
emitted laser light is caused by spontaneous emis-
sion processes in the inverted atomic system. 

The case of the single mode laser has been dealt 
with in detail using first principle methods of non-
equilibrium quantum mechanics. These methods 
which established all statistical properties of the 
single mode laser are described by Haken1 . The 
Fokker Planck (FP) approach to the statistics of 
laser light is expounded by Risken 2. The Russian 
work on the natural spectral line width of lasers is 
reviewed by Klimontovich et al. 3. 

The answer to the natural spectral line width 
Aoj of the single mode laser may be condensed into 
a simple formula 

Aoj = aLq/(I) . (1) 

a l is the line width factor which decreases mono-
tonically from aL = 2 far below threshold to aL = 1 
far above threshold. ( I ) is the mean light intensity 
and q the total strength of the spontaneous emis-
sion noise. A similar expression for Aoj appears 
already in early work on masers 4. In fact, with the 
appropriate definition of q, Eq. (1) is the general 
result for the natural line width of a single self-
sustained oscillation 5. The physical problem is, of 
course, the determination of the functional depen-
dence of ö l and q on the relevant parameters of the 
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system. For the single mode laser this is accom-
plished in all details in the basic work reviewed in 
references given above. 

For multi-mode operation no unique answer 
comparable to Eq. (1) is available. Actually, this 
cannot be expected because the result is bound to 
depend on the nature of the interaction between the 
modes, on the number of the modes and on the 
operating conditions. One therefore has to resort to 
model systems. Only a very few papers come up 
with explicit results on the spectral line width for 
special multi-wave systems. The general two mode 
laser is dealt with by Richter and Grossmann0. The 
intensity coupled many mode laser or non-resonant 
feedback laser (cf. ' ) is considered by Brunner and 
Paul 8 henceforth referred to as BP. The latter 
authors treat the coupled Heisenberg equations of 
motion including fluctuation operators (quantum 
Langevin equations *) of all the modes by heuristic 
averaging procedures of the non-linear feedback 
terms. They obtain in the threshold region Eq. (1) 
with « l = 2 and ( / ) = intensity of a single mode. 
This is the usual result for a linearly damped 
Gaussian process. As demonstrated by Ambartsum-
yan et al.9 each individual mode is thermal. The 
result a.\j = 2 thus seems quite natural. However, in 
the BP approach, the fluctuation strength q is the 
same as for the corresponding single mode laser. 
Since any individual mode is coupled to an addi-
tional reservoir made up by the remaining N — 1 
modes, one expects a renormalization to occur in 
q, at least if the system is sufficiently far above 
threshold. This is the physical motivation for the 
present investigation. 
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We concentrate on a model situation where 
interacting modes are in non-thermal equilibrium. 
The interaction is assumed to be of a four wave 
(non-parametric) type which corresponds to a 
quartic interaction in the effective Hamiltonian6. 
We are forced to specialise the interaction in the 
course of the actual calculations. The full treatment 
of the problem will be given for a pure intensity 
coupling as described by Graham 10. 

We use the non-resonant feedback laser, where 
the intensity coupling is of special simplicity, as our 
reference system for which explicit results will be 
derived. In detail, the course of the paper is as fol-
lows. In Sec. 2 the FP approach to the statistical 
problem of many interacting waves is discussed. In 
Sec. 3 we developed the basic concept of the pre-
sent method based on ideas employed in turbulence 
theory and comment on its relation to the linear 
response formulation of Richter and Grossmann6. 
In Sec. 4, the first order calculation is developed 
for a typical four wave interaction. The genera! 
result is applied in Sec. 5 to the non-resonant feed-
back laser. In Sec. 6 the much more involved second 
order calculation is presented for intensity coupled 
waves. In Sec. 7 the second order calculation for 
the non-resonant feedback laser is checked against 
the result of Sec. 5 and discussed in detail. As ex-
pected from physical grounds, the wave-wave cou-
pling turns out to be essential for the natural spec-
tral line width above threshold. 

A short communication of the present work has 
been given in 11. 

2. Spectral Line Width and FP Approach 

We are concerned with the spectral profile of an 
individual mode characterized by a mode index v. 
The notion mode stands for an individual degree 
of freedom of the wave field under investigation. 
The spectral profile may be defined by the Fourier 
transform of the time correlation function 

<<£,<-> (i) @r<+>; (2) 

+ - and are positive and negative fre-
quency parts of the field operator associated with 
the mode v. In 9 it is demonstrated how it is ex-
perimentally possible to investigate the correlation 
function of a single mode in a background of many 
other modes of a non-resonant feedback laser. 

One way to determine the expression (2) is to 
make use of the quasi classical correspondence1 

and to set up the equation for the quasi distribution 
function P({u,,}t {uv'}) for the complex c-number 
amplitudes {u,.} associated with In a rea-
sonable approximation, this equation reduces to an 
ordinary FP equation which may be written as 
{v= ± 1 , . . . , ± A ) 

+ 4 2 , 3 " (D„P). (3) 
OUyOUy' 

The drift vector £) , , ( { « „ } ) describes the mean mo-
tion and contains the interactions via non-linear 
terms. The diffusion matrix Dvv- represents the 
macroscopic manifestations of fluctuation processes. 
In principle, Dv and Dvv' follow uniquely from 
microscopic calculations. In praxi, it is simpler to 
start from the coupled set of macroscopic equations 
of motion for the waves supplemented by fluctuating 
forces (Langevin equations) and to use the well 
known stochastic equivalence between these equa-
tions and a multi-dimensional FP equation 12. 

The correlation function (2) then follows from 
the multi-dimensional integral 

j n d \ t d 2 * v uy u : p ( { u „ > 11 { « ; > » w ( { « ; , » . u, u' 

Here P is the transition probability which is the 
fundamental solution of Equation (3 ) . W is the 
stationary distribution function (assuming a physi-
cally stationary wave field) which follows from P 
in the limit t—>~oo. In a FP approach W as well as 
P are "true" probabilities, i. e. positive semi-defi-
nite functions. 

The FP equation (3) provides a formal frame-
work for the determination of all statistical proper-
ties of a coupled wave system. It must be said, 
however, that even on the basis of Eq. (3) analytic 
progress in our problem seems scarcely possible 
without involving methods similar to those of many 
body theory. 

3. Basic Concepts 

We consider a stationary system of many coupled 
waves in non-thermal equilibrium describable in 
terms of a FP equation. We adopt the exponential 
decay framework which states that perturbations in 
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any wave will decay exponentially towards the equi-
librium state, i. e. each wave is associated with just 
one decay constant. For sufficiently many inter-
acting waves we expect the individual wave statistics 
to be Gaussian. Gaussian statistics in a Markoffian 
framework is necessarily associated with just one 
decay constant, namely the life time or equivalently 
the spectral line width of the wave. The exponential 
decay framework is an approximation which will 
be asymptotically correct for large numbers of in-
teracting waves. It corresponds to the quasi particle 
hypothesis of statistical mechanics. It is expected 
not to be valid for a highly turbulent systems of 
waves13. The necessity of having many waves is 
demonstrated by the result for the single mode laser 
where more than one decay constant contribute to 
the amplitude and intensity fluctuations2'14,15. 
Within the exponential decay framework the FP 
description of the problem then is necessarily re-
duced to the following formal one. Replace the FP 
operator in Eq. (3) by a superimposition of Gaus-
sian operators 

(4) 
v = - N 

where 
£v = Dv(3/3u„)uv + QJ2 32/3Uv 3 . 

D and Q are the renormalized linear damping and 
diffusion constants. For a damped Gaussian process, 
D is positive. Furthermore, Dv, Qv and the mean 
intensity are related by the basic relation 

Dv = Qv/(2(uvu^)) . (5) 

The replacement has to be made in such a way as 
to preserve the moments for the stationary solu-
tions of both equations. This is precisely the way, 
Edwards16 attacks the turbulence problem which 
consists mainly in determining the moments 
(UkU_k) of the velocity field as function of wave 
vector k. In our non-turbulent case we assume these 
moments to be known and ask for Dv which is the 
required spectral line width of wave r. 

Before we go into the details of the calculation, 
we sketch briefly the renormalization procedure. It 
differs from the Edwards approach to turbulence 
because we deal with a trilinear interaction, i. e. the 
drift vectors are given by 

DV = D_V = lMvv'v"ruv'uv")uv. (6) 
v' v" 

M is a coupling matrix which obeys the reality 
condition 

M ' " =M* ' " (1) 
— W V — V " x V - V - V v • \ ' ) 

A trilinear interaction instead of the parametric 
type bilinear one of turbulence is more appropriate 
for a many wave system like that of a laser where 
the wave frequencies are almost identical and the 
interaction comes about by absorption and emis-
sion processes between the waves6. This situation 
is brought about by external conditions (cavity) 
but mainly by the fixed atomic transition frequency. 

In a schematic notation, the perturbation theory 
proceeds as follows. Since S P = 0 for the exact 
stationary distribution we have (Dvy = Q„ <5,..,/) 

£e P= (Se-2)P= (D + DW))du(uP) 
-Mdu(uuuP) + {Q-Q)/2 3 U 2 P . 

We now expand P around the Gaussian solution 
P0 of 2K : 

P = P0 + P1 + P , + . . . . 

We then have to assign orders to Pn, D and Q in 
terms of the coupling constant M. Clearly 

P„ oc M" . 

The situation for D and Q is more complicated. In 
contrast to the turbulence problem, where D + D 0) 

and (Q — Q)=0{M2), the only consistent assign-
ment in our case is 

D=-DW + 0{M) , (8') 

Q = Q + 0(M2). (8") 

We thus get the perturbation sequence 

SEP0 = 0, (9') 

^P^iD + D'^dAuPo) -Mdu(uuuP0) , 
(9") 

S E P 2 = ( 5 + Z)(°))3M(UP1) 
-Mdu(uuuP1)+(Q-Q)/2du2P0. (9 ' " ) 

These equations can sucessively be solved in terms 
of two-dimensional Hermite functions Hn,n-, 16 

which are polynomials in uv and u_v of order n,, 
and respectively times the Gaussian P0 and 
obey 

2EHnrn-, = -Dv(n„ + n_v)Hn,n-,. (10) 
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For any chosen order n in the coupling constants 
M, the integral equation involving D and Q follows 
by 

S U d 2 u v u , u _ J I P,„) = 0 , 
v \ W = 1 / 

i. e. the condition, that already P0 produces the 
correct moments (u u u_ f l ) . We shall work only to 
first and second order, since the higher order cal-
culations increase enormously in complexity. A 
formal infinite order perturbation theory is given 
by Edwards 16 for the turbulence case. 

Finally, we should like to comment on the rela-
tion of the present approach to the linear response 
treatment of Richter and Grossmann6. These 
authors perform a linear expansion of the 2 A real 
fluctuation quantities of a stationary coupled A 
wave system around the operating point (stationary 
state). This gives a set of 2 A linear equations for 
{ x j . The response function Xij(0 associated with 
this system of (second order) differential equations 
determines the spectral function cpij(co) which is 
the Fourier transform of <Pa(t) = (xi(t)xj) accord-
ing to the dissipation fluctuation theorem 

<pu(oj) = 2q/co[(l/i) I m & i M ] . (11) 
q is the "effective noise energy" of the wave system. 
Equation (11) clearly is the high temperature 
analogue of the Callen Welton theorem of equilib-
rium statistical mechanics. There is a rudimentary 
connection between the present treatment of a 
many wave system and the relation (11) . For 
N—*oc and choosing x,. = Re «,,, xv + N = l / i Im uv 

only self correlations i = j = v are expected to sur-
vive. Furthermore for a Lorentzian with width D,. 
integration of (11) over all frequencies co gives 

2 9?rv(0) = ("»• "->•) = 2 q/Dy. 
This is almost Eq. (5) if one allows for a possible 
renormalization q-+qv = Qrj4. 

4. First Order Calculation 

The first order calculation according to the de-
scription given above, turns out to be so simple 
that we can give it for the fairly general trilinear 
interaction according to Equation (6) . Noting the 
conditions 

jnd'u, Pt = o, 

J n d V P1 u„ u _ „ = 0 , 

one gets 

j n u v u„ 
v 

Using this equation in the first order formula (9") 
and the conditions Dr = D_v, Z),.(°) = Z)_/°) one 
obtains immediately 

= 2 /„"M (a/ uv" uu u_fl)0 
v'v" 

+ /,."-/< (u,'Ur"UllU.ll) 0. 
v' v" 

( )o denotes an average with respect to the Gaussian 
distribution P0 . Averages like this are evaluated 
by the usual contraction theorem which expresses 
higher order even moments by a sum of products 
over all possible pairs using 

(uß uv)0 = d/J>_v(uflu_ß) . 

Odd moments vanish as a consequence of the phase 
invariance in P0. Using the symmetry property 
(7) of M one gets 

D„= -DtS°)+ i 2 (u,u.,) (12) 
V 

This is an explicit expression for the renormalized 
drift constants D in terms of the original linear 
drift coefficients Ö 0' and a weighted sum over the 
mode populations. For a linearly unstable system 
like a multi-mode laser above threshold, Z) 0 ' > 0 
while a stationary Gaussian process requires 
D > 0 . Consequently, the second term in (12) must 
not only be positive, but it must exceed D'°K It is 
further noted that Eq. (12) does not involve Q nor 
Q, i. e. the fluctuation strengths of the original and 
the renormalized equations. This does not mean 
that there is no Q renormalization. In fact, com-
paring the result (12) for D with the basic relation 
(5) one usually will get Q values differing from 
the original Q's. 

5. Model Calculation 

The result Eq. (12) can easily be applied to the 
non-resonant feedback l a s e r 8 . Within a FP ap-
proach the essential features of the non-resonant 
feedback laser can be condensed into a model de-
scribed and solved exactly in 17 for all static prop-
erties. In scaled notation the drift vector (6) fol-
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lows from (cf also present Appendix) 

Z)'°) = N a, 
Mltv'v"ll = M dv't_v"= 1/2(5,, ' , . / ' . (13) 

a is the pumping parameter, defined in analogy to 
the single mode laser case2. The static mean inten-
sities are all equal: (u/t u _ „) = (z). From the 
exact expression for the mean intensity (z) one 
infers the relation 

(z)=a + 2/(N(z)) , (14) 

which is valid for all a provided that 1. The 
renormalized drift constants according to Eq. (12) 
are identical for every wave and are given by 

D= {N+l)(z)-Na. 

Using the asymptotic expression (14) for (z) valid 
for A 1, which is a necessary condition for the 
applicability of the method described here, we 
finally obtain: 

D = Aoj = a + 2/(z) . (15) 

Aoj is the scaled spectral line width of each mode. 
As long as a ^ 1, the new result (15) is in accord 
with the BP formula aL = 2. Far above threshold, 
a > 1 , and Eq. (15) predicts a quite different be-
haviour of the spectral line width. A qualitatively 
new aspect of the result Eq. (15) for the spectral 
line width will be discussed in Sec. 6 where the 
unsealed expression for Aoj is worked out and the 
relation with the renormalized fluctuation strength 

6. Second Order Calculation 

If the line width prediction Eq. (15) for the 
non-resonant feedback laser is to be reliable, this 

result should be obtained also from the second 
order calculation. This calculation is much more 
involved, since the function Px in Eq. (9" ) has to 
be known explicitly. We therefore restrict ourselves 
to the case of real symmetric intensity interactions 
when M is given by 

M v v ' v " v = <V , - v " /W» 
ßvv = ßv'v = ßlv' • 

Such a model of randomly phased coupled waves is 
qualitatively discussed by Graham [Ref.10, Ch. 6.2]. 
Quantum mechanical derivations are contained e. g. 
in 18 '19 . The special case ßrt: = const, is, of course, 
the reference model used her. 

To proceed with the calculation, we work out 
the right hand side of Eq. (9" ) using the explicit 
form for P 0 : 

P 0 = n ( ^ ( « , " - , } ) " 1 e x F j - , U v U - \ ) , (16) 
, > 0 I {uRU_R) I 

which is properly normalized with respect to 
| O d2u,.. Performing the derivatives on the right 
* >- > o 

hand side of Eq. (9 ) gives: 

£EPI= - n/?,,'[!+2 <W] uv u_v P0 

+ 2 ßn.' I V U_v' " v P0 {u,.u_r} 

+ 2 (Dr + D W ) ( l - - - |Pn. 

(17) 

To solve this equation for P j , we have to expand 
the right hand side into two-dimensional Hermite 
functions. Since the second order calculation in-
volves u,.-terms up to forth order, only the first few 
Hermite functions are needed. Writing Hnvn ,• = 
Hnrn-v'Po and adopting the scalar product 

( Hn,n~v H n„n-u ) = J U d 2 ^ P0' Hin ,H«un ,.«-„ (18) 
*> 0 

some of the first few Hermite polynomials H are explicity given by (using a,. = u_,* and omitting the 
index *') : 

£ o o = l ; #io = u; H.20 = u2/]/2 , 

H
n
 = uu*~ {uu*) , H 2 2 = U2U*2/2- 2UU* {UU*} + { U U * ) 2 . 

Note that //«_„«„ =Hn,n-, . However, for intensity coupling, only those functions with ny = n_r are 
needed which are real. The task to reorder the powers of in (17) such as to form Hermite polynomials 
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is simple but tedious. The result is given by 

1263 

ß r 4 2 ~7 r H-2v2-r+ 2 "7 r Hu i-v Hu'u 
r (UVU_V) ,.,,.< (uru-v) 

v*±v' 

+ 2 ßw [ l + 2 ö r y ] # 1 , 1 - , - 2 #1,1 (uv u. (uvu_v) 
(19) 

Note that the second term in (19) which involves a product of Hermite polynomials is quasi linear due to 
v 4= ±v. We therefore can apply formula (10) to solve for Px. The result which follows by inspection is: 

P i = 
ß r ß r 

Hui-, Hw\-2 tvv ~ H2V2_v- 2 
" ( UvU_v)Dr V,v' 2(u,.u-v) {Dv+D,;) 

r,v' 2 Dv(uvu_v) V 2 Dv (Uy u 

The next steps are analogous to those of the first order calculation. We use 

(20) 

which leads to 

to obtain 

jnd2u„ ußu_ß(Px + P2)=0, 
v > 0 

j n d v { s E ( p 1 + p 2 ) } « „ » - „ = o , 
»->o 

0 = 2 ^ r ("v 
v 

- (Dß + DW) (UMU-M> + - A + + (Qu-QJ/2 . 

Averages ( ) 0 are easily evaluated using the pairing theorem. ( ) j denotes the more involved average taken 
with respect to Px These averages are best done by again reordering the powers of u into Hermite poly-
nomials and making use of the scalar product Equation (18). 

Proceeding along these lines a lengthy calculation finally gives the functional relation between the 
damping constants Dv and the intensity spectrum (UyU_v) = (zv) : 

Du D/t v Dv + Dß 

+ {I(zv)ß,v[l+2dß,v]}' \l(zv)ßßV[l + 2K,r] ( p T + l H l (21) 
V ( " \ Dß Dy / I 

l D Z) 
= l M ß „ v H + 2d t l ,v] 4 + - ± - + 2 Z-

Dv Dß 

This relation is the analogue of the energy balance equation in the Edwards theory of turbulence and is 
appropriate for our special trilinear intensity interaction in the drift vector. 

A few points are noteworthy: The present method does not constitute an analytic expansion in ß. In 
fact, for ß—> 0 the zero-th order approximation namely the Gaussian P0 according to Eq. (16) would 
be totally wrong. It is the finiteness of the mode coupling which makes P0 a good zero-the order approxi-
mation. It is also pointed out that P0 becomes a better and better approximation to the exact stationary 
solution the more variables are integrated out. Indeed any finite group of waves is expected to be asymp-
totically independent and Gaussian distributed. 
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7. The Spectral Line Width of the Non-Resonant Feedback Laser 

We apply Eq. (21) to our model of the non-resonant feedback laser and get 

(D + Na)2 + NaD + 2D/{z) + ( A + l ) ( z ) 2 + 2 ( A + 1)2 (z)2 = 4 7) (A + 1) (z) + 3 A a ( A - f 1) (z> . 

Introducing x = (D + A a)/((z) (A + 1) ) this equation can be written as 

x2 - 3 x + 2 = 
D(N+l)(z) —NaD — 2D/(z) - (N + l){z)2 

( A + l ) 2 ( z ) 2 

As long as D does not grow faster than A2 E, which would not make sense physically anyway, the r.h.s. 
vanishes in the limit N—>oc. This gives the two solutions: 

Dx = (N+l)(z) - A a = a + 2 / ( z ) , D2 = 2 (A + 1) <z) - A a = (N+l)(z)+D1. 

The second solution is unbounded and will be dis-
carded (cf. present Appendix). The first solution is 
the same as Eq. (15) obtained from the first order 
calculation. This provides the required consistency 
of our method. 

We finally discuss the physical implications of 
the spectral line width formula Eq. (15) for the 
non-resonant feedback laser. In the first place we 
rescale this formula using the relation between 
pumping parameter a, strength Q of fluctuation 
force and the noise-free mode intensity ( u u * ) o p 

a = 2[(uu*)opzliL/Qy'>, (22') 

as well as the relation between true and scaled 
frequencies 

oh=l/2[AaQ/(uu*)ovY'*cos, (22") 

and true and scaled mean intensities 

(uu*)t=(I) = 1/2 [ (it u*) op Q/AaV'(z)s, (22 '" ) 

to get 
Aa> = A* + Q/(2(I)) (15') 

Obviously it is the quantity Aa which gives the dif-
ference to the BP result appropriate to an undressed 
Gaussian wave. It represents a typical many wave 
effect requiring A 1 coupled waves. While for a 
single wave system in the rotating wave van der 
Pol description Aa would be the linear gain, 
Aa > 0 represents the differential loss per wave in 
the case of a many wave system fluctuating around 
an operating point far from thermal equilibrium. 
Aa then is predominantly determined by the inter-
actions between the waves and differs totally from 
any linear gain. Explicit examples have been given 
by BP for the non-resonant feedback laser near 
threshold (cf. present Appendix) when trivially 

Aa = alin/N (aiin = linear gain) and by Wonneber-
ger et al. 20 for the case of highly amplified vibra-
tional noise arbitrarily far above threshold. From 
its meaning of the differential loss it is clear that 
Aa adds to the internal noise part 0 / ( 2 ( 7 ) ) of the 
spectral line width of an undressed Gaussian wave. 
Note that J a < 0 corresponds to a wave system 
below threshold which is simulated by a < 0. From 
the dependence of (z) on a it follows that Aa plays 
no role in Eq. (15 ) under this condition. The 
major physical difference to the result for the single 
wave system is, that Aco remains finite even if the 
internal noise Q vanishes. It is now the mode 
coupling which makes the remaining waves act as a 
reservoir and consequently as a noise source on 
each individual mode. This effect dominates the 
internal noise for a > 1. This becomes particularly 
clear if one introduces the line width factor ac-
cording to 

aL = d o j / [ Q / ( 4 ( 7 ) ) ] , (23) 

which is twice the ratio of the actual spectral line 
width to that of an undressed thermal wave. In-
serting Eq. (15') and using the definitions (22 ) , 
(22" ) one gets 

aL = 2 + a ( z ) . (24) 

Here, 2 corresponds to the BP result and a(z) 
describes the mode coupling noise. Under the con-
ditions a > 0 , A a 2 ^ > l this formula simplifies to 

aL = 2 + a 2 . (24') 

In terms of the Edwards method the change in the 
line width is brought about by the renormalization 
of the strength Q of the fluctuating forces: Q-^-Q. 
Evidently this normalization is described by 

£ = 1 / 2 OLlQ. 
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It is interesting to compare Acoj^ = 2 Aco which 
is the intensity fluctuation line width for a Gaussian 
wave with Lorentzian spectrum with the corre-
sponding expression arising in the theory of the 
single mode laser. Though it is known that in this 
case the intensity fluctuation spectrum is not de-
scribed by just one decay constant, there exists to 
a reasonable degree of accuracy an effective line 
width 21 given by 

Acol = a Acff (a) [4 (u u*) op] . 

The effective eigenvalue / eff(a) is tabulated in 22. 
Far above threshold A e f f ( a ) takes the value 2 a in 
which case one obtains Aojj = 2 Aa. Again, Aa is 
the linear gain of the single mode laser. In the 
entire operation range and in scaled notation one 
has to compare /,.ff(a) with 

/ W ( a ) =2a + 4/(z) . (25) 

Using the exact result for (z) 1 7 some characteristic 
values of / f A 1 (o) are summarized by 

12 a + 4/a — 8 / ( A a 3 ) ; a > 0 , A a 2 > l , 
/ W ( a ) = 2 1/2 A ; a = 0 , 

12 (TV — 1) | a j; a < 0 , Na2>l. 

In all cases it is required that 1 which in praxi 
means N > 5 . As has been stressed earlier the many 
wave nature has been put into the theory from the 
start on by adopting a turbulence like description. 
It is seen that / / A - (a ) like /.eff(a) is unsymmetric 
with respect to a. Similarily, (a) diverges for 
|aj—>oo. The minimum value is near ( a = ] / 2 ; 
X = 4 ]/2) which is the precise location of the mini-
mum for oo. In this limit a singularity in 2 
appears at a = 0. This is a simple example of a 
dynamical critical behaviour of a cooperative sys-
tem of infinitely many degrees of freedom. 

8. Discussion 

We have investigated the problem of the natural 
spectral line width of an individual wave which is 
a member of a system of many coupled waves in 
non-thermal equilibrium. Such a situation arises 
when a non-linear amplification mechanism pro-
duces a steady state output having many statistical 
degrees of freedom. The problem has been attacked 
using the Fokker Planck approach to fluctuation 
phenomena. The physically as well as mathemati-
cally related Edwards' method in stationary turbu-

lence theory has been found to be applicable to the 
spectral line width problem. This method aims at 
substituting a renormalized equation for "free" 
Gaussian waves for the FP equation for the many 
coupled waves. The damping constants appearing 
in this equation have been identified as the proper 
spectral line widths for well behaved (non-turbu-
lent) wave systems. For known mean wave inten-
sities the spectral line widths can be determined 
explicitly by the Edwards' expansion procedure. 
First and second order calculations in the wave-
wave coupling constants have been given. The first 
order calculation directly expresses the line width 
as a functional of the mean wave intensities. The 
second order equation has been derived for pure 
intensity coupling. It is the equivalent to the energy 
balance equation in turbulence theory and conse-
quently an involved non-linear integral equation. 
Both equations have been applied to a model for 
the non-resonant feedback laser for which the static 
mean intensities are all equal and can be computed 
exactly. The result is found to be identical in both 
calculations. Apart from the usual Gaussian noise 
contribution there is a term clue to the wave-wave 
coupling which dominates above threshold. 

The result can also be understood in terms of a 
renormalized strength of the fluctuating force acting 
on any individual wave due to coupling this wave 
to a reservoir made up by the rest of the wave 
system. 

The applied method rests on three suppositions: 
a) All waves in a small subgroup of waves of a 

coupled many wave system are statistically 
thermal and independent. 

b) The quasi "particle" hypothesis applies, i. e. the 
damping is small and exponential. 

c) The mean wave intensities ("spectrum") are 
known precisely. 

For the example given, conditions a) and c) can 
be shown to hold. Condition b) remains to be jus-
tified though it is physically appealing and in ac-
cord with the FP approach. 

It remains to be seen whether more advanced 
model solutions to the problem of many coupled 
waves in non-thermal equilibrium can be found. 
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Appendix 

In the main text the non-resonant feedback laser 
has been discussed within an abstract model in-
volving the pumping parameter and scaling rela-
tions involving the differential loss Aa, the noise 
free mode intensity (u i t * ) o p and the strength Q of 
the fluctuating forces. In this appendix we relate 
these quantities to the microscopic parameters of 
the BP theory of the non-resonant feedback laser 
near threshold. 

The gain operator T ' in BP corresponds to the 
expression for the gain a in 17 i. e. 

A A A 2 a n / , 4 h~ 
r r x + 1 - ™ 2 b,+ b, 

i " 
( A l ' ) 

This gives by mere comparison 

Aa = x(oN — 1)/A, 

( u u * ) o p = 
r 2 1 a ^ v - l 

( A l " ) 

(A2) 
4 h2 A oN ' 

^ o ^VA h 2 ß <? = 2 7\2 o.v. 

In these equations the following definitions are 
used : N \ = number of active atoms, x = cavity loss 
constant, h = coupling constant between atom and 
radiation field, T = ß + y = (homogeneous) line 

width of the atoms = sum of diagonal and non-
diagonal relaxation rates, = A \ h 2 aj (Tx) = 
normalized pump strength (aN « 1 in the BP the-
ory) , a0 = field free pump inversion per atom. The 
pumping parameter is explicitly given by 

g v — i r 2 

°N h2 

x 

2 N \ ß 
(A3) 

These formulae establish a one to one correspon-
dence between our model system and the BP theory 
of the non-resonant feedback laser. They are valid 
in a lasing region near threshold when the number of 
induced photons exceeds the number of sponta-
neous photons. BP also discuss the case when very 
near threshold the laser is flooded by spontaneous 
photons in many modes. Under this condition they 
obtain an expression for the line width equivalent 
to 

Aoj = N Aa . (A4) 

This is formally the linear gain associated with 
Eq. ( A l ) and essentially the second solution of 
our Eq. (21) which we have discarded. We are 
allowed to do this since this situation does not cor-
respond to a true multi-mode operation which is in-
herent in our model from the start on by fixing the 
number A. Furthermore, the physically new aspects 
of our formula Eq. (15) appear for a > 1, i. e. out-
side the threshold region where Eq. ( A 4 ) is not 
applicable. 

1 H. Haken. Laser Theory, in: Encyclopedia of Physics, Vol. 
XXV/2c, ed. S. Flügge, Springer-Verlag, Berlin 1970. 

2 H. Risken, in: Progress in Optics, Vol. VIII. ed. E. Wolf, 
North-Holland Publishing Co., Amsterdam 1970. p. 239. 

3 Yu. L. Klimontovich. A. S. Kovalev, and P. S. Landa, Usp. 
Fiz. Nauk 106. 279 [1972] (Sov. Phys. Usp. 15, 95 
[1972]) . 

4 J. P. Gordon, H. J. Zeiger, and C. H. Townes, Phys. Rev. 
99. 1264 [1955]. 

5 R. D. Hempstead and M. Lax, Phys. Rev. 161, 350 [1967]. 
6 P. H. Richter and S. Grossmann, Z. Phys. 255, 59 [1972]. 
7 R. V. Ambartsumyan, N. G. Basov, P. G. Kryukov, and 

V. S. Letokhov, in: Prog. Quant. Electr. Vol. 1/3, eds. 
J. H. Sanders and K. W. II. Stevens, Pergamon Press, 
Oxford 1969, p. 107. 

8 W. Brunner and H. Paul, Ann. Physik 23, 152 and 384 
[1969]. 

9 R. V. Ambartsumyan, P. G. Kryukov, V. S. Letokhov, and 
Yu. A. Matveets, Zh. Eksp. Teor. Fiz. 53, 1955 [1967] 
(Sov. Phys. JETP26 , 1109 [1967]) . 

10 R. Graham, Springer Tracts in Modern Physics, Vol. 66, 
Springer-Verlag, Berlin 1973, p. 1. 

11 W. Wonneberger. J. Phys. A Letters: Gen. Phys. 7, 
No. 11 [1974]. 

12 R. L. Stratanovich, Topics in the Theory of Random Noise, 
Gordon and Breach, New York 1963. 

13 S. F. Edwards and W. D. McComb, J. Phys. A : Gen. Phys. 
2, 157 [1969]. 

14 S. Chopra and L. Mandel, IEEE J. Quantum Electr. 8, 
324 [1972]. 

15 M. Corti, V. Degiorgio, and F. T. Arecchi, Optics Commun. 
8, 329 [1973], 

16 S. F. Edwards, J. Fluid Mech. 18, 239 [1964], 
17 G. Rowlands and W. Wonneberger, to be published in J. 

Phys. A : Gen. Phys., and W. Wonneberger and J. Lem-
pert, Z. Naturforsch. 28 a, 762 [1973]. 

18 H. Haken, Z. Physik 265. 105 [1973], 
19 H. Dekker, Optics Commun. 10, 114 [1974]. 
20 W. Wonneberger, J. Lempert, and W. Wettling, J. Phys. 

C: Solid St. Phys. 7, 1428 [1974]. 
21 H. Risken and H. D. Vollmer, Z. Physik 201, 329 [1967]. 
22 H. Risken, Fortschr. Physik 16. 261 [1968]. 


